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Abstract: We review some facts about A0IS2 X S 2 branes in A0IS3 x S 3 with a Neveu- 
Schwarz background, and consider the case of Ramond-Ramond backgrounds. We compute 
the spectrum of quadratic fluctuations in the low-energy approximation and discuss the 
open-string geometry. 
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1. Introduction 



It was argued in |TJ that a "compactification" a la Randall-Sundrum can be implemented 
in string theory by D5-branes in the near-horizon geometry of D3-branes. One thus obtains 
generically an AdS^ x S 2 brane in AdS^ x5 5 . As AdS§ x S 5 has a nonzero Ramond-Ramond 
(RR) background field, one is led to consider, more generally, AdS x S geometries with 
nonzero RR fluxes. 

A simple case is the AdS2 x S 2 brane in AdS^ x S 3 , because the setup with RR 
backgrounds is S-dual to the well-known setup with Neveu-Schwarz backgrounds, so we 
will consider that case here. After computing the SL(2, M) xSU(2) content of the spectrum, 
we study the open string geometry of the brane. One reason to study it is the fact, first 
noticed in 0, and conjectured to be general at least in the probe brane limit, that the 
anti-de-Sitter and sphere radii are the same, which, in the case of the Karen-Randall setup 
Q, would make difficult the construction of a realistic model from it. So, we compute the 
effective radii of the D-brane. We find that: 

• The SL(2, R) xSU(2) content of the spectrum is the same in the NS and RR cases, 
which is expected from S-duality. 

• As in the NS case, the two radii are equal. 

• Contrary to the NS case, where the common radius is equal to the radius of the bulk 
AdSs x S 3 , the common radius in the RR case can take any value. 

The fact that the radii are equal can be shown to be a consequence of supersymmetry 
(cf (P). More precisely, this seems to be linked with extended supersymmetry, where the 
R-symmetry group is the isometry group of a sphere. So one can hope to obtain realistic 
brane worlds from Randall-Sundrum only from Af < 1 supersymmetry. 

This paper is organized as follows. In section 2, we recall some facts about the Neveu- 
Schwarz case. The novel results of this article are in section 3. For the reader's convenience, 
we include the proof of the SL(2, R) symmetry of the low-energy action of the D3-brane in 
the appendix, with the transformations of the fields. 

2. A reminder of AdS 2 X S 2 D-branes in AdSs X S 3 with pure Neveu- 
Schwarz background 

2.1 Notations 

We parametrize AdS-j x S 3 with coordinates such that the metric and the NS two-form 
read: 

ds 2 = L 2 [dip 2 + cosh 2 i/j (duj 2 - cosh 2 u dr 2 ) + d\ 2 + sin 2 x {d6 2 + sin 2 9 # 2 )] 

(2-1) 

— j cosh a; d''> A rlr — I \ — ! sin I) <!(-! ' </<'> 

and the dilaton is a constant $ = &ns- 



B = L 2 
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Symmetric D-branes in this geometry are hypersurfaces with ip = ipo and x = XOi 
so their geometry is AdS% x S 2 with induced radii Lcosh^o and -^ sm Xo- They can be 
stabilized by an appropriate electromagnetic field: 

L 2 

F = -- (tpQ cosh lu duo A dr + xo sin 9 d9 A d(j)) . (2.2) 

Their low-energy effective action is given by the Dirac-Born-Infeld plus Wess-Zumino 
(DBI-WZ) action, which in the most general case reads 



S = T_D3 



j d 4 xe-*^/-det(g + F) + J (c {4) + C {2) Af+ Ic (0) FAF\ 



(2.3) 



where T = 2ira'F + B. (As will be zero in this whole article, it will not be mentioned 
again.) 

2.2 Quantized charges 

There are two quantized charges: 



p = / d8 d(f> Fq^ is an integer because of Dirac quantization. It can be inter- 

"~ Is 2 



2tt 



preted as the D-string charge of the D3-brane. 

The F-string charge should, of course, also be an integer; since F-strings couple with 
the NS two-form, this charge reads 

q=^rl dBd4>^i- = ^-f Md4>F H ; (2.4) 



T F J S 2 5B WT 2tt J S 2 

the explicit form of F is given in the appendix. 

Notice that these facts are for any D3-brane with topology M x S 2 . 

L 2 I? 

In our case, one has p = — -xo and q = : e ~^ s ^ n Xo sinh-^o- 1 The fact that these 

7tq' 7ra' 
quantities are quantized means two things: 

• The set of possible positions for the branes is discrete; in particular, the xo parameter 
can have only a finite number of values. 

• The fluctuations of the branes must be compatible with these quantization conditions; 
this implies the stability of the branes (see Q) and some restrictions on the spectrum. 

It also implies a restriction of the SL(2,R) symmetry group of the DBI-WZ action to the 
S-duality group SL(2,Z), which is precisely the subgroup of SL(2,R) which preserves the 
quantization. This SL(2, Z) is conjectured to be an exact symmetry of the full string theory. 



1 Notice that the quantization condition given in M is true only in the small \o limit. 
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2.3 Quadratic fluctuations 

The spectrum of quadratic fluctuations was computed in They are obtained by taking 

L 2 

V? = Vo + 6ij> , x = Xo + $X, and F = F + —-J with df = 0, (2.5) 

and expanding the action up to quadratic terms in 5ip, 5\ and /. The expansion begins 
with two linear terms that are proportional to J d9 d<j> fg^, which is zero because of the 
quantization condition, and J dcodr f UT , which is zero if the electromagnetic potential 
behaves well at infinity because AdS% is topologically trivial. 
The quadratic terms read: 



5^ S = T^L^e * cosh sin xo J dui dr d6 d<j)yj ' — det 



7 



\{d m 5il,d m 5^ + d m S X d m 5 X ) - \fmnf mn + m 2 - {Sx? ~ 25^^- + 25 X - 



2 4 cosnu; sml 

-T D3 L 4 e~ <I> sinh ^ cos xo ^ / A / 

(2.6) 

where 7 is the AdS2 x S 2 metric with radii 1, and indices are raised with it. 

It is then easy to find the SL(2,R)xSU(2) content of the spectrum, which is explicitly 
given in pj, where it is also shown that it agrees with the results of conformal field theory 
(except for the brane-dependent cut-off on the allowed angular momenta). 

3. AdS 2 X S 2 D-branes in AdS 3 X S 3 with RR background 

3.1 The background 

The RR background is obtained from the NS background by the following S-duality trans- 
formation: C(2) — > B; B — > —C(2)\ F — ► F and r — > — 1/r, where r = Cyq) + ie~® (this 
corresponds to (r, s,t, u) = (0,-1,1,0) in equation (]A.4|) ) . It is shown in the appendix 
that F is then transformed into —F. Thus, the quantum numbers (p,q) become (— q,p), 
which means that D-string and F-string charge are exchanged. 
The fields obtained this way are 

$ = -$ NS 

C( 2 ) = B NS f 31 \ 
e*L 2 

Fq = (cos xo cosh ipo cosh uj duj A dr + sin xo sinh ^0 sin 6 d6 A d(f>) . 

2ira 

The string metric is also changed by this transformation: since the Einstein metric 
gz = e~^l 2 g is invariant, the string metric becomes ds 2 = e^ds 2 NS . In what follows, we 
redefine L 2 = L 2 RR = L 2 NS . 

3.2 Quadratic fluctuations 

Since the S-duality transformation is a symmetry of the equations of motion deduced from 
the low-energy action, it is expected that the SL(2, M.) xSU(2) content of the spectrum be 
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the same as in the previous section. Anyway, it is useful to check explicitely that S-duality 
works properly in that case. 

To do this, we expand the action in the fluctuations as in section As in the 
NS case, the linear terms disappear. 

At the first look, the quadratic terms look messy, since 6tp, 5x, fe<p and f WT are coupled 
in all possible ways, contrary to the NS case. However, by taking 



5 a = sinh ipQ cos xo ~ cosh ipo sin xo $X 
5s = cosh ipo sin xo Sip + sinh ipo cos xo 5\ 



(3.2) 



the quadratic terms read 



5&S = T m I?<T* cosh ^ 5in *o / duJ dT d9 ^yZdi^ 
shr xo + sinh V>o J 

-l(d m 5 A d m 5 A + d m 5 s d m 5 s ) - \fmnf mn + {5a? - {5 S ? - 25 A -^- + 25 s - 



2 4 cosnw sin I 

4 sinh cos xo /" , . . 
sir xo + smh z ^o V 

(3.3) 

The similarity with equation (2.6) implies that the SL(2, R) xSU(2) content of the spectrum 



is the same, as expected. 

As is well-known, in the NS case, the exact spectrum, as determined from CFT, has 
a brane-dependent cut-off: the maximal allowed spin is half of the magnetic charge p. If 
S-duality is true, we expect that in the RR case the maximal allowed spin is half of the 
electric charge. Such a result could not be found directly, since we have no sigma-model 
for the world-sheet of strings with a nonzero RR background. 

3.3 The effective metric 

As is well-known, for any D-brane without RR backgrounds, the fields on the brane can 
be considered as coupled to an effective metric (open string metric) given by the formula 



9o 



1 = [( 5 + ^)- 1 ] 5 (3.4) 



where the index S means symmetrizing the matrix. In the case of the AdS2 x S 2 D-brane 
in AdSs x S 3 , it was noticed in |2[ that both radii are equal to L independently of the 
position of the brane, although the induced radii depend on it and can be very different of 
each other. 

It is interesting to see whether there is, in the RR case, a notion of effective metric 
with such properties. Prom the fluctuations found in the previous section, it is clear that 
the effective geometry is AdS2 X S 2 with equal radii. The absolute normalization of these 
radii cannot be deduced from the previous calculations only. 

A way to find it is to T-dualize our setup along a dimension orthogonal to AdS% x S 3 
to obtain an AdSz x S 2 x S 1 D-brane in AdS^ x S 13 x S 1 . The nonzero resulting background 
fields are the following (with x the additional dimension): 

ds 2 = ds 2 (AdS 2 x S 2 ) + dx 2 ^ 

Cmnx = C mrl (AdS2 X S 2 ) 



- 4 - 



the dilaton is, as previously, a constant, and the electromagnetic field is the same. It is 
then easy to see that the WZ term of the action is left unchanged (except for the fact that 
Tq3 is replaced by T/x), so that all additional terms come from the determinant in the 
DBI term. 

After some straightforward calculation, one finds that the quadratic terms of the action 
are essentially the same as in eq. ( [3. 3D , except for the following facts: 



Tq3 is replaced by 

f A / is replaced by / A / A dx. 

More importantly, new terms are added inside the bracket: 



L 2 (sin 2 xo + sinh 2 ?/>o 



~{d x S A 8FS A + dJsdFSs) - l -f mx f mx 



(3.6) 



From these new terms, one immediately obtains that the absolute normalization of the 
AdSy, x S 2 effective radius is 

R 2 = L 2 (sin 2 xo + sinh 2 ifo). (3.7) 

It is easy to check that this is what one finds from the formula ( |3.4| ) without any correction. 

So, the situation is different from the NS case, since the radius depends on the position 
of the brane, and can take any value, which seems to contradict S-duality. However, as 
S-duality is a symmetry of the equations of motion, and not of the action, this is not 
surprising. 

In particular, in the limit ~~ * °°> one obtains an infinite radius, i.e. flat space. The 
question whether this could lead to a realistic brane universe would certainly be interesting 
to investigate. 
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A. SL(2, R) symmetry of the D3-brane 

We include here, for the reader's convenience, the proof of the SL(2,R) symmetry of the 
low-energy effective action of the D3-brane. We essentially follow the lines of []|, ^, 0]. 

For the antisymmetric symbol, we use the convention £0123 = e 0123 = +1. (With this 
convention, s is not a tensor.) 

The Born-Infeld and Wess-Zumino terms of the action read: 

S = T D3 (- I d A x^-det(g E + e-*/ 2 f) + f C {2) A T + i I C (0) F A A , (A.l) 
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where T = 2ira'F + B and qe = e */ 2 <? is the Einstein metric. The equation of motion 
can be written dF = 0, where 

llTCa F mn = Emnpq 6 ^ Ivf ^ ^ mn ^(0)^~ mn > C^-^) 

pq 



dL BI = 1 



(A.4) 



^-detfe + ^) [fe + T)- 1 ]^ with = e -*/ 2 ^. (A.3) 

pq 

We want to show that there is an SL(2, R) symmetry acting as: 

rT + s V, ^ i • -* 

r — > , where r = Gen) + ie 

IT + U w 

To do this, we consider the infinitesimal transformations 

5C m = 2aC {0) +b-c(Cf Q) -e-™) 

6(e-*/*) = e-*/\a-cC {0) ) (A.5) 
= _ a jr + c jr w ith JF = 27ra'F - C (2) 

and we want to show that 

bf = aT + &F. (A.6) 

The 6 term is trivial. 
Noticing that 

8T = ce- $/2 (JP - C^T) (A.7) 

it is easy to show that the a term is what we expect. 
After a straightforward calculation, the c term reads 

A T — ( ~3*/2 dLgj 9 2 L B I -2<J>-r A / a q\ 

"tv mn — C I e ^abcd ^mripq + e ran I • 

Using the commutativity of the partial derivatives and the symmetry properties of the e 
symbol, we obtain 

= ° Q («- Sg ID + ' <"» 

The antisymmetric part of (qe + -T 7 ) -1 reads 

[(gE+7)- 1 }^ = [{gE+^-^FMtiE+Fl-Y (A.10) 

and one has, for any matrix M, 

e abcd M aa ' M w M cc ' M dd ' = e a ' b ' c ' d ' det M (A.ll) 
so that ^ ^ 

£afe C (i = --£ abcd Tabbed (A. 12) 

and finally = 0, which is what we want. 
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